Some diseases are caused by genetic loci with a high rate of change, and heritability in complex traits is likely to be partially caused by variation at these loci. These hypermutable elements, such as tandem repeats, change at rates that are orders of magnitude higher than the rates at which most single nucleotides mutate. However, single nucleotide polymorphisms, or SNPs, are currently the primary focus of genetic studies of human disease. Here we quantify the degree to which SNPs are correlated with hypermutable loci by examining a range of mutation rates. We use established population genetics theory to relate mutation rates to recombination rates and compare the theoretical predictions to simulations. Both simulations and theory agree that, at the highest mutation rates, almost all correlation is lost between a hypermutable locus and surrounding SNPs. The theoretical predictions break down as the mutation rate increases, and consequently differ widely from the simulated results. The simulation results suggest that some correlation remains between SNPs and hypermutable loci when mutation rates are on the lower end of the mutation spectrum. Consequently, in some cases SNPs can tag variation caused by some hypermutable loci. We also examine the linkage between SNPs and other SNPs and uncover ways in which the linkage disequilibrium of rare SNPs differs from that of hypermutable loci.
Introduction

1
Missing heritability and hypermutable loci 2 Mutation can take many forms, and can occur at vastly different rates across the human 3 genome [1] . Like recombination, mutation can disrupt linkage between two loci. Linkage the length of the tandem repeats, the size of the repeated subunit and the sequence 22 composition. The most mutable are tandem repeats composed of short subunits, called 23 microsatellites (also known as short tandem repeats, or simple sequence repeats). These 24 repeats can have mutation rates up to 10 −2 [7] , but most have rates between 10 −3 and 25 
10
−5 [8] [9] [10] . The most hypermutable microsatellites tend to have a high A/T content 26 and have a large number of repeated subunits. Because long microsatellites have a 27 tendency to contract more often than they expand [12] , microsatellites undergo a 28 lifecycle in which they are "born" and "die" in the genome over evolutionary time [8, 13] . 29 Tandem repeats composed of subunits greater than nine base-pairs are called 30 minisatellites. Unlike microsatellites, these tandem repeats are not known for their 31 extreme mutability. Their mutation rates are not as well documented [14] , but a 32 method to estimate their relative mutation rates is available [15] . Minisatellites are 33 thought to expand and contract in repeat number through recombination [16] , in 34 contrast to microsatellites which mutate primarily through polymerase slippage and 35 subsequent mismatch repair [7, 17] .
36
Tandem repeat alleles are associated with a range of human diseases [14, 18] . Of 37 these diseases, perhaps the most well known are caused by expanded microsatellites:
38
Fragile-X disease caused by an expanded CGG repeat [19] , and Huntingon's disease 39 caused by an expanded CAG repeat [20] . Both of these repeats are found in promoters, 40 functional regions near the start of a gene. Promoters have a relatively high density of 41 tandem repeats, suggesting that these hypermutable sequences may play a role in 42 regulating gene expression [11, 21] .
43
Although tandem repeats are potential sources of heritable disease, recent attention 44 has focused on single nucleotide polymorphisms (SNPs) for genetic association studies 45 due to technology that allows them to be inexpensively and rapidly genotyped 46 genome-wide. Common SNP variants can be used to measure genome-wide relatedness, 47 and this relatedness can explain a moderate portion of the heritability for complex 48 traits [22] . However, many SNP studies have failed to uncover variants with significant 49 associations [23] . Furthermore, even SNPs with the strongest associations can only 50 explain a small fraction of heritable genetic variation [24] .
51
This lack of significant GWAS hits has been referred to as "missing 52 heritability" [23, 24] , and the heritability still not explained by modeling all 53 genome-wide SNPs simultaneously has been termed the "still-missing 54 heritability" [25, 26] . Tandem repeats have been hypothesized to be partially responsible 55 for missing heritability [18, 27] , and may also be partially responsible for some of the 56 still-missing heritability. Due to their high mutability, tandem repeats can mutate away 57 from linkage with surrounding SNPs, and therefore SNP association studies are not 58 expected to pick up all of the heritability caused by hypermutable variants. Studies 59 using large numbers of tandem repeat loci have shown that tandem repeat variants are 60 usually very weakly linked with surrounding SNPs [4] [5] [6] . These studies highlight how 61 SNP data can be uninformative about hypermutable loci, supporting the hypothesis 62 that hypermutable loci are sources of missing heritability. [4] .
63
However, not all tandem repeat variants are weakly tagged by SNPs. A recent 64 genome wide association study of amyotrophic lateral sclerosis (ALS) in the Finnish 65 population [28] uncovered a locus of interest that, through a following familial study, led 66 to the discovery that a microsatellite tandem repeat is a prevalent cause of familial 67 ALS [29] . In the C9orf72 gene, expansion of a CCGGGG repeat in the first intron 68 results in a dominant allele that causes ALS and can also cause frontal-temporal 69 dementia [29] . The expanded repeat allele is in strong linkage disequilibrium with 70 surrounding SNPs [28, 30, 31] . Studies of the associated haplotype reveal that the 71 expanded repeat likely arose only once [30, 31] and then spread around the globe,
72
possibly along with Viking conquests [32] . This discovery demonstrates that tandem 73 repeat diseases can be uncovered from SNP association studies.
74
The 5HTTLPR gene provides another example of how SNPs can be associated with 75 functional tandem repeat variants. Variation in a minisatellite within the 5HTTLPR 76 promoter may be associated with a range of personality phenotypes and neurological 77 diseases [33, 34] . Two SNPs adjacent to the promoter repeat are in strong linkage 78 disequilibrium with the repeat alleles that have been associated with disease 79 (r 2 =0.72; [34] ). Together, these studies raise the possibility that more tandem repeat 80 alleles can be uncovered as sources of disease using SNP data.
81
Although hypermutable loci are potential causes of disease and modifiers of complex 82 traits, there is limited theoretical work analyzing linkage between a hypermutable locus 83 and surrounding SNPs. The seminal work by Ohta and Kimura, [2] set the groundwork 84 for understanding how mutation and recombination rates combine to affect linkage 85 disequilibrium (LD) between two biallelic polymorphisms. However, their 86 approximation assumes very low mutation rates. When mutation rates are not low,
87
their approximation breaks down. The goal of the current work is to examine analytical 88 approximations of LD derived by Ohta and Kimura at higher mutation rates, and using 89 simulations, examine the accuracy of their approximation. For our results to be directly 90 comparable to the results of Ohta and Kimura our analyses are limited to biallelic 91 hypermutable loci, and thus we do not directly model multi-allelic tandem repeat loci.
92
We discuss this potential limitation in the Discussion.
93
Materials and Methods
94
Theory relating linkage disequilibrium with mutation rates 95 We examine the linkage disequilibrium between a hypermutable locus, A/a, and an 96 adjacent SNP marker, B/b, defined by the following mutation dynamics:
We model the hypermutable locus (A/a) as having only two alleles, with equal 98 forward and backward mutation rates (so that µ A = µ a ), although it does not perfectly 99 correspond to hypermutable tandem repeat loci. This allows for a simple measure of 100 correlation between the two loci, fitting the population genetics theory outlined below. 101 We assume the SNP locus (B/b) has a standard low mutation rate and the 102 hypermutable locus has a high mutation rate, such that µ A + µ a >> µ B + µ b . The 103 allele frequencies at locus B will be primarily influenced by drift, while the allele 104 frequencies at A will be influenced by both drift and mutation (we ignore the possibility 105 of selection). Denote the allele frequency of A (B) as p A (p B ). The allele frequency at 106 locus A is influenced by mutational equilibrium, in which:
In a large population with limited drift, the frequency of allele A primarily depends 108 on its forward and backward mutation rates. As population sizes get smaller, and/or 109 the mutation rate gets lower, the allele frequencies are increasingly influenced by 110 population dynamics (as shown in the results).
111
The allele frequencies at each locus are important because there is a relationship 112 between the standardized measure of linkage disequilibrium (LD), r 2 , and relative allele 113 frequencies [3, [35] [36] [37] [38] . The maximum possible value of r 2 between two loci is inversely 114 related to the difference between the minor allele frequencies, so if there is a large 115 difference in frequency between the two loci, r 2 cannot be large [35, 36, 38] .
116
Our primary interest is the expected correlation between two loci when one locus has 117 a high mutation rate. For this, the frequency of haplotype AB will be defined as p AB . 118 Linkage disequilibrium, D, is defined as:
The square of the correlation between allele frequencies, r 2 , provides the proportion 120 of variance at one locus that can be explained by another locus, and acts as a 121 standardized measure of LD [3] :
How much correlation is expected between loci? To examine this, [2] define a new 123 variable, ρ 2 , as an approximation for E(r 2 ). They use the approximation
[2] then solve for the expected values of the numerator and denominator for a 126 diffusion model, obtaining:
where N is effective population size, and c is the recombination rate between these 128 two loci (here measured in centimorgans). The variable k is the sum of the mutation 129 rates across both loci, k ≡ µ A + µ a + µ B + µ b , which is dominated by the mutation 130 rates at the hypermutable locus (k ≈ µ A + µ a ). To simplify notation, the 131 forward/backward mutation rates at the hypermutable loci will be referred to as simply 132 µ, such that k ≈ 2µ.
133
Somewhat counterintuitively, allele frequency is not present in the approximation for 134 ρ 2 (5). Although allele frequencies are present in the numerator, E(D 2 ), and that only involves population size, N, recombination rate, c and the sum of mutation 137 rates, k [2] . As discussed above, the maximum r 2 value is determined by relative allele 138 frequencies, but these results suggest that, on average at equilibrium, r 2 is a function of 139 only N , c and k. This prediction is examined here using simulated data (see next 140 section). The simulations also use the diffusion model, so the equivalence of (4) and (5), 141 as well as all of our results, rely on the assumptions of the model.
142
Furthermore, [2] showed that ρ 2 is only an accurate approximation of E(r 2 ) when 143 N (c + k) is sufficiently larger than one. In this case ρ 2 is approximated as:
This approximation suggests that mutation and recombination act similarly to 145 reduce linkage disequilibrium. Mutation is slightly different than recombination, 146 however, because it changes allele frequencies, but this effect is reduced if the locus is in 147 mutational equilibrium. More importantly, (6) also suggests that the expected 148 correlation between allele frequencies is very small when N (c + k) is large. Therefore, if 149 the mutation rate is large one would expect a weak correlation between a hypermutable 150 locus and an adjacent SNP marker, unless the effective population size is small. hypermutable locus were retrieved from FastSimCoal. These results were converted to 165 necessary file types using custom python scripts, and analyzed in python and R. There 166 were 46 simulations for µ = 10 −5 that were excluded because hypermutable loci were 167 not polymorphic.
168
For each simulation, four statistics were calculated. First, the r 2 values between the 169 central hypermutable locus and surrounding SNPs were calculated. The mean of this 170 value across simulations is referred to as "mean r 2 ". We expect this simulated measure 171 of LD to be the most accurate estimate of the true degree of association because it does 172 not rely on as many assumptions as the analytical approximation. Second, the average 173 empirical values for D 2 and
were calculated from the simulations. 174 We refer to the ratio of these two measures as "empirical ρ 2 ". Next, the values of ρ
from (5) were calculated using the three parameters, N , c, and k, that were used in the 176 simulation. We expect the analytical approximation ρ 2 from (5) mutational equilibria of 0.5. In contrast, the allele frequencies for loci with the mutation 197 rate of 10 −5 are strongly right skewed, with mostly rare alleles. At this lower mutation 198 rate, the allele frequencies appear to be strongly influenced by population dynamics.
199
The simulated SNP allele frequencies are also strongly influenced by population 200 dynamics, and the MAFs for most of these loci are very low ( Fig. 1 (d) Fig. 2 (c) ), increasing slightly for 10 −4 ( Fig. 2 (b) ), and more so for 10 −5 ( Fig. 2 (a) ). 212 We also plot the estimate of ρ 2 made by [2] , equation (5), in red. This approximation is 213 greater than the mean r 2 value for each scenario examined here, and much greater when 214 the mutation rate is low or the inter-locus distance is short. Importantly, when 215 mutation rates are low or loci are in close proximity, the value of N (c + k) is much less 216 than 1. Consequently, as predicted by [2] , this causes the estimate of ρ 2 to differ from 217 the mean r 2 .
218
Because the simulations use the same diffusion approximation assumptions as the 219 analytical approach of [2] , we expect the empirical ρ 2 to match the approximation ρ were caused 223 by a requirement for more simulations to converge to the analytical estimate, we ran an 224 additional 8,000 simulations using this mutation rate. The results from all 10,000 225 simulations did not differ from the results of only 2,000 simulations (results not shown). 226 We were therefore not able to determine the cause of this discrepancy, but nevertheless, 227 for a mutation rate of 10 −3 all three measures of r 2 are very small.
228
Importantly, the mean r 2 measured here uses hypermutable loci and SNPs with any 229 allele frequencies above 0 (following the assumptions of [2] ). This corresponds to a 
240
In general, the SNP MAF only has a weak effect on the mean r 2 ; the range of r To put all of the above results in context, we examine how SNPs are correlated with 249 each other. We find that, on average, SNPs have an extremely low mean r 2 value with 250 other SNPs (Fig. 4 (a) ). The maximum mean r 2 value, provided by SNPs in close 251 proximity to the central SNP, is less than 0.05. Importantly, most SNPs have extremely 252 low MAF ( Fig. 1 (d) ), and the mean r 2 value is strongly influenced by weak associations 253 with rare SNPs (not shown). The correlation between common SNPs and rare SNPs is 254 known to be weak [40] , so the lack of a regional association between a single rare SNP 255 and surrounding SNPs is expected. Furthermore, this scenario represents a breakdown 256 of the approximation; the value of N(c+k) is too small for the approximation to be 257 accurate. Therefore the predicted and emperical ρ 2 of almost 0.45 for the SNPs that are 258 in close proximity are clearly not a good approximation for the mean r 2 .
259
Because hypermutable elements tend to have higher MAFs, perhaps a more 260 appropriate comparison is to examine a central SNP only if its MAF is above 0.05.
261
When these common central SNPs are examined for their correlations with surrounding 262 SNPs with any MAF, the mean r 2 values increase, but again the approximation (5) is 263 not a good approximation for E(r 2 ) because again N(c+k) is too small (Fig. 4(b) ). (Fig. 4 (c) ). Again the rare SNPs (MAF ¡ 0.05) show a very weak association,
267
and common SNPs show a higher correlation. Intriguingly, common SNPs tag rare
268
SNPs worse than they tag (the often common) hypermutable elements.
269
The correlations found using common central SNPs are similar to those found with 270 hypermutable elements with a mutation rate of 10 −5 (Fig. 2) . However, the distribution 271 of the r 2 values for common central SNPs (Fig. 4 (c) ) indicates that the upper 95th 272 percentile of r 2 values for common SNP associations are higher than those of any 273 hypermutable element (Fig. 3 (c) per-simulation r 2 for a central hypermutable locus (Fig. 6 (a) ) demonstrates that SNPs 292 with the strongest associations are more centralized in the simulations using lower 293 mutation rates than in those using higher mutation rates. There is almost no 294 localization in the simulations with µ = 10 −3 ( Fig. 6 (c) ). Furthermore, the maximum 295 r 2 values under the mutation rate of 10 −3 are always small; the largest maximum r 2 296 was only 0.202.
297
When the central locus is a common SNP, the maximum r 2 values are often near one 298 (Fig. 6 (b) ). When the central SNP is rare, the maximum r 2 for the simulation is 299 usually either very low or near one. Rare SNPs often have no association with 300 surrounding loci, but occasionally a rare central SNP will be in perfect LD with another 301 rare SNP, and this surrounding SNP in perfect LD is sometimes at a great distance.
302
The maximum r 2 for common central SNPs is often relatively large and localized to the 303 central region (Fig. 6 (d) ). hypermutable element with such a high mutation rate will be unlinked in genetic data. 316 The best chance for a SNP to tag such a hypermutable element would be if the effective 317 population size were small. This simple approximation makes it clear that SNPs do not 318 tag variation caused by the most hypermutable loci in the human genome, except 319 perhaps in highly inbred populations. Furthermore, the simulations demonstrate that 320 the approximation of [2] over-estimates E(r 2 ). When a site mutates rapidly, almost all 321 of its correlation with surrounding loci is lost.
322
The approximation breaks down when N(c+k) is smaller than one [2] , which is the 323 case for most of the scenarios examined here. In these scenarios, the ratio of 324 expectations in (4), ρ 2 is a poor approximation for the expectation of the ratio given in 325 (3). The only scenario in which N (c + k) is larger than one is when the mutation rate is 326 10 −3 ( Fig. 2 (c) ). Oddly, this is also the only scenario in which empirical ρ 2 does not 327 appear to match the analytical approximation ρ 2 of equation (5).
328
Therefore, although the approximation made by [2] can be helpful for understanding 329 how mutation rates relate to recombination distance, simulations are required to 330 estimate the mean r 2 values for hypermutable elements with mutation rates larger than 331 10 −3 . For investigating these mutation rates, neither decreasing the population size nor 332 increasing genetic distance would increase the accuracy or utility of the approximation. 333 The diffusion approximation breaks down as population sizes decrease. Furthermore, nearby SNPs are small, especially in comparison to common SNP-SNP associations (Fig. 341  5) . However, for hypermutable elements with mutation rates of 10 −5 not all of the 342 correlation is lost. The mean r 2 value for mutation rates of 10 −5 is approximately half 343 that of common SNP-SNP associations (Fig. 5) . Furthermore, for a mutation rate of 344 
10
−5 the top 5th percentile of r 2 values are all above 0.3 when the surrounding SNPs 345 have an MAF above 0.2 ( Fig. 3 (c) ). Stronger associations exist between common SNPs 346 and other common SNPs (Fig. 4 (c) ), but the scenario with mutation rates of 10 −5 is 347 somewhat comparable.
348
Rare SNPs are known to have a small r 2 value with other SNPs [40] , and rare SNPs 349 are a potential explanation for missing heritability [24] and still-missing 350 heritability [25, 26] (Fig. 5) 
Implications for GWAS
360
Hypermutable tandem repeat loci may be partially responsible for missing 361 heritability [18, 27] and also still-missing heritability. The results presented here suggest 362 that loci with high mutation rates are not well tagged by SNPs, and therefore much of 363 the heritable variation caused by such loci will not have been captured in modern 364 GWAS analyses. Scientists have just recently begun to estimate the mutation rates of 365 hypermutable elements in the human genome [8] [9] [10] 15] , and a database of known 366 tandem repeat variants has recently been developed [4] . As more tandem repeat 367 variants are cataloged, understanding how these variants can be tagged by SNPs will 368 allow researchers to measure their relative contributions to phenotypes.
369
An important consideration when investigating a GWAS signal is the distance 370 between the SNP with the lowest p-value and the variant(s) driving the association. The 371 position of the lowest p-value SNP is often used to link a gene with a phenotype. Our 372 results suggest that the top SNP associations are far less localized for hypermutable 373 elements, with almost no localization for elements with a mutation rate of 10 −3 ( Fig. 6 374  (c) ). Therefore, if a hypermutable element is causing a SNP association, the strongest 375 SNP association may occur at a great distance from the causal element. Associations 376 with hypermutable elements are also spread across a larger region (Fig. 5) , providing an 377 association signature that may be noticeably distinct from other types of associations. 378 Finally, because traits can be influenced by hypermutable elements and/or low [4] .
405
The use of a stable population with an effective size of 10,000 without population [48] . 411 Future simulations could address these possibilities.
412
Equation (6) although lower than, common SNP -common SNP associations. On the other hand, the 431 correlations between SNPs and loci with mutation rates of 10 −4 and 10 −3 are relatively 432 low, and therefore variation caused by loci with these mutation rates are likely to show 433 only weak association with SNPs of any MAF.
434
Heritable variation can be caused by genetic loci with a range of mutation rates [1] . 435 Hypermutable loci can remain highly polymorphic in a population, and they may be 436 important causes of human disease and heritability of complex traits. 2 are far greater than the mean r 2 , with the greatest difference found for low mutation rates. The values were calculated for bins of 100 base-pairs, and a line was drawn between these binned values using LOESS smoothing. Note the change in scale on the vertical axes between plots of different mutation rates. 
